LCM and GCD Relationship Proof
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Theorem. The following relationship between the Least Common Multiple (LCM) and
the Greatest Common Divisor (GCD) of a,b € N holds:

ab
LCM(a,b) = ———— 1
CM(a.5) = ZeDan) (1)
Proof. Let pi,po,...,p, be all of the prime numbers appearing in at least one of the

prime factorization of a or the prime factorization of b, and let
a= pzfpzf...p%"
b=plp.pr
where some of the i, ji terms may be zero. We prove this with two lemmas.

Lemma 1. Some ¢ € N is a common multiple of a,b if and only if it takes the form:

c= p}flng...pZ"q
with each hy > MAX{ig, jr}, and where q is the (possibly empty) product of all prime
factors of ¢ not equal to p1,pa, ..., Pn-

Proof. Exercise. O

The LCM, then, is obtained by setting ¢ = 1 and setting each hy, equal to M AX {iy, jx }.
So we have:

MAX{i1,j MAX{i2,j in,Jn
LCM (a,b) = py 0 py AR 2l A i)

Now onto the second lemma.

Lemma 2. Some d € N is a common divisor of a,b if and only if it takes the form:

g1 .92

c=pipy Dy
with each g, < MIN{iy, ji}-

Proof. Exercise. m



The GCD, then, is obtained by setting each gy equal to M IN{iy, ji}. This gives:

MIN{i1,j MIN{i2,j inyJn
GC’D(a,b) = pl {131}p2 {2]2}...]924[]\[{ in}

Now we take this home. Since pfAX{ik’jk}pkMIN{ik’jk} = pZ’“ pfc" regardless of which of

ik, Jx is the maximum or the minimum (or both), we have:

LCM(a,b)GCD(a,b) = (pi‘/fAX{ihh}pé‘/fAX{imjz}_._pﬁ/[AX{imjn})(piWIN{ilvﬁ}péVUN{iz,jz}.Hpi\lﬂN{in,jn})
AX{i1,51 1,7 AX{io,j 12,] in,Jn in,Jn
= (py A I (AR 2] IR 2] (AN e p NG e
= (pi'p) 5 py)--- (o' 7))
= (y'ps Py ) (1 ps" - 17y
=ab
This then gives:
ab
LCM(a,b) = ——
(@) = GeDa D)

as desired.



